The trivial equilibrium of a controlled van der Pol-Duffing oscillator with nonlinear feedback control may lose its stability via a non-resonant interaction of two Hopf 
Introduction
In the absence of external excitation, the equilibrium of a controlled nonlinear system involving time delay may lose its stability and give rise to periodic solutions via Hopf bifurcations, when the time delay reaches certain values. In the neighbourhood of the critical point of Hopf bifurcations, an interaction of bifurcating periodic solutions and an external excitation may induce rich dynamic behaviour. The forced behaviour of the non-autonomous system may exhibit non-resonant response, primary resonances, sub-harmonic and super-harmonic resonances, depending on the relationship of the frequency of Hopf bifurcation and the forcing frequency. The effect of time delays on the stability and dynamics of time delayed systems have received considerable interest in the literature [1] [2] [3] [4] [5] [6] [7] [8] . However, there has been less effort made in studying an interaction of the external excitation and two bifurcating solutions which result from non-resonant Hopf bifurcations of the corresponding autonomous systems. The main purpose of the present paper is to study an interaction of the forcing and bifurcating periodic solutions in the vicinity of non-resonant bifurcation of co-dimension two, which appears after the trivial solution of the van der Pol-Duffing oscillator loses its stability via non-resonant Hopf bifurcations.
An externally forced van der Pol-Duffing oscillator under a linear-plus-nonlinear feedback control considered in the present paper is of the form ) cos( ) (
where x is the displacement, an overdot indicates the differentiation with respect to time The corresponding autonomous system for which the external excitation is neglected in equation (1) , which can be obtained by letting 0 0 e  in equation (1), is given by
It was shown that the trivial equilibrium of the autonomous system (2) may lose its stability via a subcritical or a supercritical Hopf bifurcation and regain its stability via a reverse subcritical or a supercritical Hopf bifurcation as the time delay increases [9] . It was found that an interaction of two Hopf bifurcations may occur when the two critical time delays corresponding to two Hopf bifurcations have the same value. In the vicinity of non-resonant Hopf bifurcations, the controlled oscillator modelled by equation (2) was found to have the initial equilibrium solution, two periodic solutions and a quasiperiodic solution on a two-dimensional (2D) torus [10] .
The presence of an external periodic excitation can induce complicated dynamic behaviour of the controlled oscillator given by equation (1) [11] . These resonances result from an interaction of the external excitation and the bifurcating periodic solutions that immediately follow the non-resonant Hopf bifurcations of codimension two occurring in the corresponding autonomous system given by equation (2) .
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By following the normal procedure for the reduction of delay differential equations to ordinary differential equations based on semigroups of transformations and the decomposition theory [12] [13] [14] , the dynamic behaviour of the solutions of equation (1) 
. These perturbation parameters can conveniently account for the small variations of the critical linear feedback gains and the critical time delay.
By treating the external excitation in equation (1) as an additional perturbation term and performing similar algebraic manipulations to those done in reference [10] , the four-dimensional ordinary differential equations governing the local flow on the centre manifold can be expressed in the component form as 10  4  3  2  1  10  4  14  3  13  2  12  1 20  4  3  2  1  20  4  24  3  23  2  22  1  21  1 
A closed form of solutions to equation (3) cannot be found analytically. The approximate solutions to additive resonance response of equation (3) will be obtained using the method of multiple scales. The dynamic behaviour of the controlled system in the neighbourhood of the point of non-resonant bifurcations of codimension two will be explored by studying the solutions of a set of four averaged equations that determine the amplitudes and phases of the free oscillation terms in additive resonance response.
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It is assumed that the approximate solutions to equation (3) in the neighbourhood of the trivial equilibrium are represented by an expansion of the form
where  is a non-dimensional small parameter, and the new multiple independent variables of time are introduced according to
Substituting the approximate solutions (4) into equation (3) 
where 1 r , 2 r , 1  , 2  represent, respectively, the amplitudes and phases of the freeoscillation terms, and the coefficients of the particular solutions are given by
Differentiating the first and third equation of equation (6) and then substituting the second and fourth equation into the resultant equations results in
Substituting solutions given by equation (7) into the right hand sides of equation (8) yields 44 terms involving trigonometric functions, some of which may produce secular or nearly secular terms in seeking the second-order solutions; 12 z and 32 z . In addition to four secular terms that are proportional to ) sin( , nearly secular terms for additive resonances may appear when
. These three cases of additive resonances will be referred to here as Cases I, II and III, respectively.
The remainder of the present paper proceeds as follows. In the next section, three types of additive resonance responses of the controlled system are analytically studied using the method of multiple scales. In Section 3, illustrative examples are given to
show the frequency-response curves and time histories of additive resonance response of the controlled system. Conclusion is given in Section 4.
Additive Resonances
To account for the nearness of the forcing frequency to the combination of two natural frequencies for three types of additive resonances, three detuning parameters, namely 1  , 2  and 3  , are introduced as follows:
The averaged equations of the amplitudes and phases for three types of additive resonances will be subsequently obtained using the method of multiple scales.
Case I:
In seeking the second-order solutions for additive resonance Case I from equation 
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Elimination of these secular or nearly secular terms gives rise to the following averaged equations that determine the amplitudes and phases of the free-oscillation terms in equation (7) 
where (  8   1   32   2  3  133  32  3  2  123  32  3  1  113  2 23 1   12   2  3  334  12  3  2  133  12  2  1  134  1 33 1   32   2  3  233  32  3  2  113  32  3  1  123  2 43 have the same expressions as those obtained for non-resonant response in Section 4 of reference [11] . For the sake of brevity, they are not reproduced in the present paper.
Elimination of the trigonometric terms in equation (12) . (13) The coefficients in equation (13) can be numerically obtained for a specific system with a given set of system parameters. Then equation (13) can be numerically solved using 11 the Newton-Raphson procedure. The stability of the steady state solutions to equation (13) can be examined by computing the eigenvalues of the coefficient matrix of characteristic equations, which are derived from equation (12) in terms of small disturbances to the steady state solutions.
As the averaged equation (12) 
The stability of the steady state solutions is determined by the eigenvalues of the corresponding Jacobian matrix of equation (14) . The resultant characteristic equations for both trivial and non-trivial solutions depend in a complicated manner on the system and forcing parameters. Specific results are therefore at best obtained numerically. 
, and the other coefficients have the same expressions as those given in equation (12 
The eigenvalues of the corresponding Jacobian matrix of equation (17) (7) in equation (8) . Eliminating these terms gives rise to the averaged equations that determine the amplitudes and phases of the free-oscillation terms for additive resonance Case III: 
It is easy to notice that the stability of the trivial solution is determined by the following eigenvalues: analytically. In next section, the steady state solutions and their stability of the averaged equations will be studied by illustrative examples for a given set of the system parameters.
Numerical Examples
This section gives numerical results of the dynamic behaviour of additive resonance response of the system. As an illustrative example, consider a specific system with the system parameters in equation (3) given by  , which satisfy the resonance condition given by equation (11) .
When the combinational resonances of the additive types are not excited, the nonlinear response of the system was numerically found to exhibit periodic motion which consists of the forced terms only and has the forcing frequency. 
